Abstract: In this paper, we introduce the concept of I * -convergence which is closely related to I-convergence and the concepts I and I * -Cauchy sequences in p-adic linear 2-normed space. Also we investigate the relation between these concepts in p-adic linear 2-normed space.
Introduction
In 1850, Kummer introduced the p-adic numbers. Then the German Mathematician, Kurt Hensel (1861 -1941 developed the p-adic numbers which was concerned with the development of algebraic numbers in power series, around the end of the nineteenth century in 1897. Then p-adic numbers were generalized to ordinals (or valuation) by Kürschak in 1913, and Minkowski (1884), Tate (1960) , Kubota-Leopoldt (1964) , Iwasawa, Serre, Mazur, Manin, Katz,
The main aim of this paper is to introduce the concept of I * -convergence which is closely related to I-convergence and the concepts I and I * -Cauchy sequences in p-adic linear 2-normed space (X, N (•, •) p ). Also we investigate the relation between these concepts in p-adic linear 2-normed spaces.
Preliminaries
In this paper, we will use the notations, p for a prime number, Z -the ring of rational integers, Z + -the positive integers, Q -the field of rational numbers, R -the field of real numbers, R + -the positive real numbers, Z p -the ring of p-adic rational integers, Q p -the field of p-adic rational numbers, C -the field of complex numbers and C p -the p-adic completion of the algebraic closure of Q p .
Definition 1. (i)
The p-adic ordinal (valuation) of x and y, for 0 = x, y ∈ Z is ord p (x, y) = max{r : p r /x and p r /y} ≥ 0
(ii)For 
We also introduce the convention that ord p (0, y) = ord p (x, 0) = ∞. The p-adic valuation has the following properties Proposition 2. For all x, y ∈ Q, we have for
, ord p (z, y)} and with equality when ord p (x, y) = ord p (z, y). Definition 3. Let X be a linear space of dimension greater than 1 over K, where K is the real or complex numbers field. Suppose N (•, •) be a nonnegative real valued function on X × X satisfying the following conditions: (2N 1) : N (x, y) > 0 and N (x, y) = 0 if and only if x and y are linearly dependent vectors, (2N 2) : N (x, y) = N (y, x) for all x, y ∈ X, (2N 3) : N (λx, y) = |λ|N (x, y) for all λ ∈ K and x, y ∈ X, (2N 4) : N (x + y, z) ≤ N (x, z) + N (y, z) for all x, y, z ∈ X.
Then N (•, •) is called a 2-norm on X and the pair (X, N (•, •)) is called a linear 2-normed space.
Definition 4.
For all x, y ∈ Q, let the p-adic norm of x, y be given by N (x, y) p = p −ordp(x,y) , if x = 0 and y = 0 = p −∞ = 0, if x = 0 or y = 0 where ord p (x, y) = max{r : p r /x and p r /y}. 
Let N (x, z) p be a non-negative real valued function defined on the rational
for some K ≥ 1 and all x, y, z ∈ Q. For the usual triangle inequality one ask that this condition holds with K = 1, i.e.,
for all x, y, z ∈ Q. The ultrametric version of the triangle inequality is stronger still and asks that
for all x, y, z ∈ Q. If N (•, •) p satisfies the equation (1), n is a positive integer and
as one can check using induction on n. For all a > 0, N (x, z) a p is a non-negative real valued function on Q × Q which vanished at 0, is positive at all nonzero x ∈ Q and sends products to products. If N (x, z) p satisfies the equation (1) , then
when 0 < a ≤ 1 and
when a ≥ 1. In particular, if N (x, z) p satisfies the well-known triangle inequality (2) and 0 < a ≤ 1, then N (x, z) a p also satisfies the the well-known triangle inequality. If N (x, z) p satisfies the ultrametric version (3) of the triangle inequality, then N (x, z) a p satisfies the ultrametric version of the triangle inequality for all a ≥ 0. Suppose a mapping d p : X × X × X −→ R on a non-empty set X satisfying the following conditions, for all x, y, z ∈ X (D 1 ) For any two different elements x and y in X there is an element z in
is called a p-adic ultra 2-metric and the pair (X, d p ) is called a p-adic ultra 2-metric space.
Definition 6. Let X be a linear space of dimension greater than 1 over K, where K is the real or complex numbers field. Suppose N (•, •) p be a nonnegative real valued function on X × X satisfying the following conditions: (2 − pN 1 ) : N (x, z) p = 0 if and only if x and z are linearly dependent vectors,
Thus every p-adic linear 2-normed space (X, N (•, •) p ) will be considered to be a p-adic 2-metric space with this 2-metric. A sequence {x n } ∞ n=1 of p-adic 2-metric space
converges to x, y ∈ X in the p-adic 2-metric respectively, then the sequence of sums x n + y n and the product x n y n converges to the sum x + y and to the product xy of the limits of initial sequences. A sequence {x n } ∞ n=1 of p-adic 2-metric space (X, d p ) is a Cauchy sequence with respect to the p-adic 2-metric if for every ǫ > 0, there is an ℓ ≥ 1 such 
Proof. Let us suppose that lim
, hence by using the triangle inequality, we have
Example 10. Let x n = p n and z = p r with r < n in the p-adic 2-norm over X = Q. Then N (p n , p r ) p = p −ordp(p n ,p r ) , if p n = 0 and p r = 0 = p −∞ = 0, if p n = 0 or p r = 0.
In this case N (p n , p r ) p = p −n = 1 p n = 0, as n → ∞. Therefore, lim n→∞ N (x n , z) p = 0, for all z ∈ X. Hence this sequence is a null sequence with respect to the p-adic 2-norm.
Definition 11. A p-adic number (α, β) can be uniquely written in the form
where each 0 ≤ a i , b j ≤ p − 1 and p-adic 2-norm of the number (α, β) is defined as N (α, β) p = n, (n ∈ R) and the double series (1 + p + p 2 + p 3 + . . . , 1 + p + p 2 + p 3 + . . . ) converges to 1 1−p in the p-adic 2-norm.
Main Results
In this section, we introduce the concept of I * -convergence which is closely related to I-convergence in p-adic linear 2-normed space N (•, •) ) be a linear 2-normed space. A sequence {x n } of elements of X is called to be statistically convergent to x ∈ X if the set A(ε) = {n ∈ N : N (x n − x, z) ≥ ε} has natural density zero for each ε > 0.
Definition 13. Let I ⊂ 2 N be a non trivial ideal in N . The sequence {x n } of elements of linear 2-normed space (X, N (•, •)) is said to be I-convergent to x ∈ X if for each ε > 0 the set A(ε) = {n ∈ N : N (x n − x, z) ≥ ε} ∈ I . Definition 14. Let I ⊂ 2 N be a non trivial ideal in N . A sequence {x n } in a p-adic linear 2-normed space (X, N (•, •) p ) is said to be I-convergent to x ∈ X if for each ε > 0 and non-zero z in X the set A(ε) = {n ∈ N :
The number x is called I-limit of the sequence {x n }.
be a countable collection of subsets of N such that P i ∈ F (I) for each i, where F (I) is a filter associated by an admissible ideal I with property (AP). Then there is a set P ⊂ N such that P ∈ F (I) and the set P − P i is finite for all i.
Lemma 16. Let I ⊂ 2 N be an admissible ideal with property (AP) and(X, N (•, •) p ) be a p-adic linear 2-normed space. If a sequence {x n } in X is I-convergent to x ∈ X then there exists a set P ∈ F (I),
Proof. Let {x n } be a sequence of elements in a p-adic linear 2-normed space (X, N (•, •) p ) is I-convergent to x ∈ X. Then the set A(ε) = {n ∈ N : N (x n − x, z) p ≥ ε} ∈ I for each ε > 0 and non-zero z in X.
i ∈ N and non-zero z in X. Then H i ∈ I and P i ∈ F (I), for each i ∈ N . By applying Lemma (15), we get P ∈ F (I) such that P = {m 1 < m 2 < ... < m k ...} and P − P i is finite set for all i. Now define the sequence {y n } in X such that y n = x n for each n ∈ P and y n = x for n / ∈ P . Then lim
Now we introduce the concept of I * -convergence of sequences in p-adic linear 2-normed spaces which is closely related to I-convergence of sequences in p-adic linear 2-normed spaces. 
Let ε > 0, by virtue of equation (7) there exists
The set on the right hand side of (8) belongs to I (since I is an admissible). So
From Lemma (16) and Lemma (18) we obtain the following Lemma which gives the equivalence between I-convergence and I * -convergence in p-adic linear 2-normed space (X, N (•, •) p ). 
i.e., Let I ⊂ 2 N is an admissible ideal with property (AP) and
Now we introduce the concepts I and I-Cauchy sequences in p-adic linear 2-normed space (X, N (•, •) p ). Also, we investigate the relations between these concepts in p-adic linear 2-normed space (X, N (•, •) p ).
Definition 20. Let (X, N (•, •) p ) be a p-adic linear 2-normed space and I ⊂ 2 N be an admissible ideal. The sequence {x n } in X is said to be I-Cauchy sequence in X, if for each ε > 0 and non-zero z ∈ X there exists a number ℓ(ε, z) such that {k ∈ N : Proof. Let I be an admissible ideal and {x n } be I * -Cauchy sequence in a padic linear 2-normed space (X, N (•, •) p ). Then by definition there exists the set
for every non-zero z ∈ X and k, ℓ > k 0 (ε). Let ℓ(ε) = m k 0 +1 . Then for every ε > 0, we have N (x m k − x ℓ , z) p < ε, for every non-zero z ∈ X and k > k 0 . Now put H = N − M , it is clear that H ∈ I and
Then the set on the R.H.S. of (9) belongs to I because I is an admissible ideal. Therefore for every ε > 0 we find ℓ(ε) such that A(ε) ∈ I i.e., {x n } is I-Cauchy sequence in a p-adic linear 2-normed space (X, N (•, •) p ). Now we will prove that I * -convergence implies I-Cauchy condition in a p-adic linear 2-normed space (X, N (•, •) p ).
Theorem 23. Let I be an admissible ideal and I
where {x n } is sequence in a p-adic linear 2-normed space (X, N (•, •) p ) and x ∈ X. Then {x n } is I-Cauchy sequence in X. In otherwords let I be an admissible ideal and (X, N (•, •) p ) be a p-adic linear 2-normed space. If a sequence {x n } in X is I * -convergent to x ∈ X, then {x n } is I-Cauchy sequence in X.
Proof. Let I be an admissible ideal and (X, N (•, •) p ) be a p-adic linear 2-normed space. Suppose a sequence {x n } in X is I * -convergent to x ∈ X. Then there exists the set M ∈ F (I), M = {m 1 < m 2 < ... < m k ...} ⊂ N , such that lim k→∞ N (x m k − x, z) p = 0, for each non-zero z ∈ X. It shows that
Cauchy seqauence in X =⇒ {x n } is a I * -Cauchy seqauence in X. By theorem (22) , {x n } is a I-Cauchy seqauence in X From Theorem (23) and Lemma (19) we have the following corollary which gives the relation between I-convergence and I-Cauchy sequence in a p-adic linear 2-normed space (X, N (•, •) p ).
Corollary 24. Let I ⊂ 2 N be an admissible ideal with property (AP). If
Finally, we will give the following theorem which states that the equivalence of I-Cauchy sequence and I * -Cauchy sequence in the case I has the property (AP). Proof. By Theorem (22) , if {x n } is I * -Cauchy sequence then {x n } is ICauchy sequence in a p-adic linear 2-normed space (X, N (•, •) p ). Now we have to prove that I-Cauchy sequence is a I * -Cauchy sequence in X. Let {x n } be Cauchy sequence in a p-adic linear 2-normed space (X, N (•, •) p ). Then there exists ℓ(ε) such that A(ε) = {n ∈ N : N (x n − x ℓ , z) p ≥ ε} ∈ I, for each ε > 0 and non-zero z ∈ X. Let P i = {n ∈ N : N (x n − x m i , z) p < 1 i }, i = 1, 2, 3, ..., where m i = N ( 1 i ). Since H i = N − P i = {n ∈ N : N (x n − x m i , z) p ≥ 1 i } ∈ I for each i ∈ N and and non-zero z ∈ X, therefore P i ∈ F (I), i ∈ N . Since I has (AP) property then by Lemma (15) there exists a set P ⊂ N such that P ∈ F (I) and the set P − P i is finite for all i. Now we have to show that lim n,m→∞ N (x n − x m , z) p = 0, m, n ∈ P and for each non-zero z in X. For this, let ε > 0 and j ∈ N be such that j > 2 ε . If m, n ∈ P then P − P j is a finite set, so there exists k = k(j) such that m ∈ P j and n ∈ P j for all m, n > k(j). Therefore N (x n − x m j , z) p < 2 = ε, for m, n > k(j) and each non-zero z ∈ X. Hence, for any ε > 0 there exists k = k(ε)such that for m, n > k(ε) and m, n ∈ P ∈ F (I), N (x n − x m , z) p < ε for each non-zero z ∈ X. This shows that the sequence {x n } is I * -Cauchy sequence in X. Thus {x n } is I-Cauchy sequence in X if and only if {x n } is I * -Cauchy sequence in X.
